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Abstrak: Graf G pada penelitian ini adalah nontrivial, berhingga, terhubung, sederhana, dan tidak
terarah. Misal u, v adalah dua elemen di himpunan titik dan g adalah kardinalitas himpunan sisi di
graf G, fungsi bijektif dari himpunan sisi dipetakan ke bilangan asli g disebut vertex local
antimagic edge labeling jika untuk dua titik yang bertetangga v, dan v,, bobot v, tidak sama
dengan bobot v,, dimana bobot v (dinotasikan dengan w(v)) adalah jumlah label sisi yang terkait
dengan v. Selanjutnya, setiap vertex local antimagic edge labeling menginduksi pewarnaan titik
pada graf G dimana w(v) adalah warna pada titik v. Bilangan kromatik vertex local antimagic
edge labeling y;,(G) adalah banyaknya warna minimum yang disebabkan oleh titik local
antimagic pelabelan sisi pada graf G. Dalam artikel ini, kita membahas tentang bilangan kromatik
vertex local antimagic edge labeling pada graf disjoint union dari keluarga graf seperti lintasan,
lingkaran, bintang, dan friendship, dan menentukan batas bawah dari vertex local antimagic edge
labeling. Nilai kromatik pada graf disjoint union pada penelitian ini mencapai batas bawah.

Kata kunci: pelabelan local antimagic, nilai kromatik local antimagic, graf disjoint union

Abstract: A graph G in this paper is nontrivial, finite, connected, simple, and undirected. Graph G
consists of a vertex set and edge set. Let u,v be two elements in vertex set, and q is the cardinality
of edge set in G, a bijective function from the edge set to the first g natural number is called a
vertex local antimagic edge labelling if for any two adjacent vertices v;and v,, the weight of v, is
not equal with the weight of v,, where the weight of v (denoted by w(v)) is the sum of labels of
edges that are incident to v. Furthermore, any vertex local antimagic edge labelling induces a
proper vertex colouring on where w(v) is the colour on the vertex v. The vertex local antimagic
chromatic number y,,(G) is the minimum number of colours taken over all colourings induced by
vertex local antimagic edge labelling of G. In this paper, we discuss about the vertex local
antimagic chromatic number on disjoint union of some family graphs, namely path, cycle, star, and
friendship, and also determine the lower bound of vertex local antimagic chromatic number of
disjoint union graphs. The chromatic numbers of disjoint union graph in this paper attend the
lower bound.
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1. Introduction

Any mathematical object involving points and connection between them
called a graph. A graph G(V, E) consists of two sets IV and E. The elements of V
are called vertices, and the elements of E called edges. The all graphs discussed in
this paper are nontrivial, finite, connected, simple, and undirected [1] — [3]. Graph
labelling is the assignment of labels to the graph elements such as edges or
vertices, or both, from the graph. The concept of antimagic labelling of a graph
was introduced by Hartsfield and Ringel [4]. Every component of the graph, such
as vertex, edge, and face, has given the distinct label by a natural number.

Given a graph G(V, E)and q is the number of edges in G, a bijective function
from the edges set to the first q natural number is called a vertex local antimagic
edge labelling if for any two adjacent vertices v;and v,, w(v,) # w(v,), where
w(v) is the sum of labels of edges that are incident to v. Furthermore, any vertex
local antimagic edge labelling induces a proper vertex colouring on where w(v) is
the colour on the vertex v. The minimum number of colours taken over all
colourings induced by vertex local antimagic edge labelling of G denoted by
Xla(G)'

If a graph G has antimagic labelling, it is called antimagic. Since been
introduced by Hartsfield and Ringel [4], the topic has attracted a lot of attention,
for details, see Gallian [11]. One of well-known remark and theorem related to
this is the following.

Remark 1.1. For any graph G, x;,(G) = x(G) and the difference y,;,(G) —
x(G)can be arbitrarily large[4].

Theorem 1.1. For any tree T with | leaves, x,,(T) = 1+ 1 [5].

Arumugam et al. [5] give a lower bound and upper bound of local antimagic
vertex colouring of K; + H and also give the exact value of local antimagic
vertex colouring. Agustin et al. [6] studied the local edge antimagic colouring of
graphs. The other results about local antimagic of graphs can be seen in [6] —[10].

Thus, in this paper, we have found the chromatic number of vertex local
antimagic chromatic number on disjoint union of some family graphs, namely
path, cycle, star, and friendship. Before we present our results, we define a
definition of disjoint union graph that we discuss in this paper. For any graph G,
the graph U;-,, G denotes the disjoint union of m copies of graph G.

2. Main Result

In this section, we present our results by showing the vertex local
antimagicchromatic number on disjoint union of some family graphs, namely
path, cycle, star, and friendship in the following theorems. We also present the
remark and theorem about the lower bound of the disjoint union of graphs.

Remark 2.1. For any disjoint union graph G, we have y;;(Ui=n G) =
Xla(G)-

Theorem 2.1. For any tree T with kpendant vertices, y;,(Ui=nT) = k+ 1
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Proof. Let g be any local antimagic labelling of disjoint union of T, then the
colouring induced by g. The colour of a pendant vertex v is the label on edge that
Is incident with v. Thus, all the pendant vertices receive distinct colours.
Furthermore, for any non-pendant vertex incident with an edge e; with f(e,) =
m, the colour assigned to w is larger than m. Since the number of colours in the
colouring induced by g isatleastk + 1, ;o (U;=;n T) = k + 1.

Theorem 2.2. For the path P, with n > 3, then we have x;u(Ujem Py) =
2m + 1.

Proof. The U;_,, B, is the disjoint union of path graph. The Vertex set is
V(Ujem B = 0k vd, o, 0], o vl vl 1 € {1,2,3, ..,1),j € (1,23, ..., m}}
and the edge set E (U j—, P,) = {vivs, viv3 ...,vijvijﬂ, O PP VP VU VL =
{1,2,3,..,n—1},j € {1,2,3,...,m}}. Hence V(Ujem B)| =
mn, |E(Uj=m By)| = m(n — 1). Because graph U;—,, B, have 2m leaves, based
on Theorem 2.1, we have y;,(U;—,, T) = k + 1, so the color needed forU;_, B,
is2m + 1. Thus, we havey,q (U j=m By) = 2m + 1.

Furthermore, we will prove that the upper bound is 2m + 1, denoted by
Xza(Uj=m Pn) < 2m+ 1. We define the labelling on the edges of B, by the
following functions.

1 .
( SQ+j-D—n+1, (€ 246.n-1)

j €{1,2,3,...,m}forn odd
n—i n—1
m(n—1)+( 5 )—j( 5 ), i €{1,3,5,..,n—2}
j €{1,2,3,...,m}for n odd

(% - 1) m+j, i€ {246 ..,n—2);

J..J _
fWivi,) =1

j €{1,2,3,..., m}for n even

i+1 _
mn—m(T) —j+1, i€{135..,n—1}

\ j €{1,2,3,..., m}for n even

Base on the function f, we determine the set of vertex weight on pendant vertices
as the following.

W, = {f(vlj;j €{1,23, ...,m}} U {f(v,{;j €{1,23, ...,m}}

={m(n— 1),m(n—1) —(nT_l),...,(m+1) (n;l)}u{nglln_ 1, ,@}

The vertex weights on the two degrees vertices are
W,=m(n-1)+1
W; =m(n—1)
Hence from the above, it easy to see that the different vertex weights are2m + 1,
0 xiq(UjemPy) <2m+1.  Thereforey;q(UjemP) <2m+1  and
X1a(Uj=m By) = 2m + 1. It concludes that x;,(Uj=pm P) = 2m + 1.

The illustration of local antimagic labelling of U, B, can be seen in Figure 1.
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Figure 1. Illustration of local antimagic labelling of U,,,—5 P,

Theorem 2.3. For the cycle C,, with n > three and n is even integer, then
we have y;4(Ujom Cn) = 3.

Proof. The Uj-,, C, is the disjoint union of cycle graph.The vertex set
V(Ujem Cp) = Wk vd, 0, 0], v v i € {1,2,3, .0,n},j € {1,2,3, ..., m}
and the edge set E(Uj=m B,) = {ef, €3, €3, ..., €5, el’ el e whereel, =
viviel =vivi, .. el =vlvl;i€{1,23, ..,n},j €{123,..,m}} Hence
[V(Ujem B)| = mn, |E(Uj=m By)| = mn. We will prove that y;,(Ujm Cn) =
3. Based on Arumugam theorem [4], the local antimagic chromatic number of
cycle graph is  y;,(C,) = 3. Furthermore, based on Remark 2.1 we have
X1a(Uizm Cn) = x1a(Cp) so we can see that y;,(Uj=m Cy) = 3.

Furthermore, we will prove that the upper bound is 3, denoted x;4 (U= C) < 3,
by defining the labelling as follow.

1 1

SE+D+5G-1), forie{135,..,n-1}j€{123,...m}
g(e)) =
i n

773 (G—1), forie€{246,..,n},j€e{1,23,..,m}

nm+1—

Then we have the vertex weights as follow:

nm + 1, for i € {1,3,5,..,n—1},j € {1,2,3, ..., m}
nm+ 2, fori=1,3,5,..,n—1,j € {1,2,3,...,m}

W(e)) = o

nm+ 2 — E,for i=n,j€e{123,..,m}
Hence from the function above, it easy to see that the vertex weight W(eij) =
{nm +1,nm+2,nm+2 - g} contains three elements which induce a proper

vertex colouring of U;_,, C,,. Thus, it gives )(la(szm Cn) < 3. It concludes that
Xla(szm Cn) =3.
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Theorem 2.4. For the star S,, with n > 3, then we have Xla(szmSn) =
nm + 1, m # even integer when n is an odd integer.

Proof. The U;_, S, is the disjoint union of star graph. The vertex set
V(Ujem Sn) = {4, v}, v}, o, v!, o vl v i € {1,2,3,..,n},j € {1,2,3, ..., m}}
and the edge set E(Uj=mB) =
{Av}, Av}, AV) ..., Av], .., AT, AVTY, . AV AVT € (1,23, ..,n),) €
{1,2,3, ..., m}}. Hence |V(Uj=m5n)| =mn+m, |E(Uj=m5n)| = mn. We will
prove that x;,(Uj=mSn) = nm + 1. Graph U, S, havenm leaves, based on
Theorem 2.1, we have y,,(U;=,, T) = k + 1so the color needed for U;—, S, is
X1a(Ujem Sp) =nm + 1.

Furthermore, we will prove that the upper bound is x;4(Uj= S,) < nm + 1, we
define the labelling into two cases by the following.

Case 1. For n even

j m(i—-1)+j;i€{135,..,n—1},j € {1,2,3,...,m}
h(Ax;) = { .. ) )
L mi—j+1;i €{246,..,n},j€ {123, ..,m}
Case 2. For n odd
( j+1 . .
T:l =1, €{13,5,..,m}
m+j+1 )
—  tF 1, €{246,...,m—1}
J .
h(Ax)) =< 2+m,l—2,]€{2,4,6,...,m 1}
3m+j . ]
> ;i=2,j €{1,3,5,...,m}
3m+1—j;j€{1,23,..,m}
mi—j+1,i€{468, ...n—1};j € {1,2,3,...,m}

\m(i—3)—j+1;i€{579,..,n} je{123,..,m}

Based on the labelling above, the weight on each pendant vertex is the label
of the edge which incident with pendant vertex. Therefore, the number of vertex
weight on the disjoint union of star graph is nm. The weight of each centre vertex
is as follow.

n
W(A) = > (nm+1)

Because the number of pendant vertex is nm, the number of different vertex
weight on the disjoint union of star graph is nm + 1, so Xla(szmSn) <nm+
1.Therefore  x;0(UjemSn) <nm+1  and  x30(UjemSp) =nm+1, it
concludesy;, (U= Sp) = nm + 1

Theorem 2.5. For the friendship F, with n >three and n is even integer, then
we have x;(Uj=m %) = 3.
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Proof. The U, %, is the disjoint union of friendship graph. The vertex set
V(Ujem Fo) = (A0 {ud b, oouf, ol w1 € (1,23, .} €

{1,2,3, ...,m}} U {vi,vi, v, UL Ui €{1,2,3,...,n); j E

l

{1,2,3, ..., m}}and the edge set E(UjemF) =
{Aud, aul, A ., A, .. A, AU AT AU i € {123, .,m); ) €
(1,23, ..., m}} U {Av}, Avd, 4v} .., Av], .., AvT, AV, . AViE AV i €
{1,23,..,n}; j € {1,2,3, ...,m}} U

futvi, vy, .., wlv!, . ou vt utvl; YHence [V(Ujem Fo)| = 2mn +m,
|E(UjemFo)| =3mn. We will prove that x,4(Uj=pF,) =3. Based on
Arumugam theorem [4], the local antimagic chromatic number of friendship graph
IS x1a(F) =3 . Furthermore, based on Remark 2.1 we have y;,(Ui=m F) =
X1a(Fy) s0 we can see that x4 (Uj=m ) = 3.
Furthermore, we will prove that the upper bound is 3,
denotedy;q(Uj=m ) < 3, we define the labeling by the following.
j m({i—1)+j;i €{1,35,..,n—1}; j € {1,2,3,...,m}
f(Aui)={ i — i 410 .
j+1;i €{246,..,n}j€{1,23,..,m}
f(Avj) _ {m(i —1D+j+2mn;i€{1,35,..,n—1}%j €{1,23,..,m}
t mi—j+1+2mn;i € {2,46,..,n}; j€{1,23,..,m}
Fadvly = {Zmn +1-m(@i—1)—j;i €{1,35,..,n—1}j€{1,23,..,m}
o 2mn —mi + j;i € {2,4,6,..,n}; j € {1,2,3,...,m}

Based on the labeling above, we have the vertex weights as follows:
W,(4) =3mn? +n
Wo(u/) =2mn+1,fori€{1,23,..,n—1};j € {1,2,3,..,m}
Ws(v]) =4mn+1,fori€{1,23,..,n—1}j €{1,23,..,m}

Hence from the above, it easy to see that the vertex weight W =
{3mn? +n, 2mn + 1,4mn + 1} contains 3 element which induces a proper
vertex coloring of Uj—pm Cn, S0x1a(Uj=m Fn) < 3.Therefore xi,(Uj=m F) <3
and x14(Uj=m F) = 3, it concludesy;q (U j=m F) = 3. n

3. Concluding Remarks

All results in this paper are the vertex local antimagic chromatic number of
disjoint union of the path, cycle, star, and friendship graph. The vertex local
antimagic chromatic number of all graphs in this paper has attended the lower
bound.

Open Problem. Find the vertex local antimagic chromatic number on disjoint
union of cycle and friendship when the number of their vertices is odd, disjoint
union of a star when the number of copies is even where the number of vertice sis
odd, and also find the vertex local antimagic of disjoint union of another graph.
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