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Abstrak. Penelitian ini membahas tentang interaksi peserta didik
dengan sudut pandang pemodelan matematika. Interaksi tersebut
melibatkan peserta didik yang memahami dan belum memahami materi
mata pelajaran matematika. Proses interaksi antar grup peserta didik
dimodelkan dalam suatu sistem persamaan diferensial dua dimensi.
Variabel A adalah persentase peserta didik yang memahami materi, dan
variabel B adalah persentase peserta didik yang kurang memahami
materi. Hasil analisis dinamik diperoleh satu titik ekuilibrium trivial dan
tiga titik ekuilibrium non-trivial yang eksis dengan beberapa syarat.
Berdasarkan analisis kestabilan titik ekuilibrium non-trivial, diperoleh
kondisi tanpa adanya peserta didik yang kurang memahami materi
pelajaran matematika. Kondisi inilah yang menjadi tujuan dari
penelitian ini, dimana dengan melibatkan interaksi antar peserta didik,
dapat meningkatkan keberhasilan proses pembelajaran.

Abstract. This study discusses the interaction of students with a
mathematical modeling point of view. This interaction involves
students who understand and do not understand mathematics subject
matter. The interaction process between groups is modeled in a two-
dimensional system of differential equations. Variable A is the
percentage of students who understand the material, and variable B is
the percentage of students who do not understand the material. The
dynamic analysis results obtained by one trivial equilibrium point and
three non-trivial equilibrium points exist with several conditions. Based
on the stability analysis of the non-trivial equilibrium point, it is found
that the conditions without students do not understand mathematics
subject matter. This condition is the goal of this study, which involves
interaction between students; it can increase the learning process's
Success.
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1. Introduction

Education means increased skill or development of knowledge and understanding as
a result of practice, study, or experience [1]. The importance of education places it at the
highest level of human needs. In the introduction to the book written by Klaus Dieter Bieter,
Nelson Mandela calls education a powerful force that builds every human being. All
countries in the world place education as one of the human rights [2]. Likewise, in
Indonesia, education is one area that is the responsibility of the State. Law of the Republic
of Indonesia states that: education is a conscious, planned effort to create an atmosphere of
learning and the learning process to actively develop their potential to have spiritual
strength, self-control, personality, intelligence, noble morals, and skills needed for
themselves, society, nation, and state [3] [4].

In general, education aims to increase the nation's intelligence by increasing students'
understanding of the subject matter. There are many obstacles for a country to create good
quality education, especially in developing countries. One of the problems faced in the
world of education is the weak learning process. Students are encouraged to develop
thinking skills in the learning process, but in reality, students are only directed to accept
and memorize information or knowledge provided by the teacher. The teaching method is
one of the supporting factors for the achievement of national education goals [5].

As one of the basic sciences, mathematics has an essential role in the effort to master
science and technology. Mathematics in schools needs to function as a vehicle to develop
intelligence, abilities, and skills and shape students' personalities [6]. Not a few students
think that mathematics is a difficult subject and causes various problems that are difficult
to solve, resulting in low student learning outcomes. This results from the lack of interactive
mathematics learning methods, where students are only asked to memorize formulas,
receive the material, and work on practice questions. Therefore, there is a need for an
interactive process between students in the mathematics learning process.

Interaction can be interpreted as communication or a reciprocal relationship between
two or more people for a specific purpose [7]. Interaction in a lesson is critical and
necessary to help develop students' understanding and achieve educational goals. Learning
interaction is an interactive activity of various components to realize the learning objectives
set when planning to learn [8]. Learning mathematics as the construction and abstraction
of mathematical concepts can be maximized by solving mathematical problems. The
problem-solving process will be achieved at a higher level if students work in cooperative
groups, especially heterogeneously [9]. In other words, the interaction between student’s
needs to be done without differentiating each student's abilities.

Based on the learning objectives, students with moderate and low abilities should
solve problems and be confident and communicate them effectively. A learning strategy is
needed to accommaodate student interactions with the learning environment to achieve this
goal. One of the learning strategies that support this is a learning strategy that uses
cooperative groups, or so-called cooperative learning [10]. In this study, the cooperative
learning process was examined by grouping students based on their understanding and
mastery of mathematics material.

According to Murdock-Stewart [11], understanding consists of three general
categories, which include: (1) understanding structural progress, (2) understanding as a
form of knowing, (3) understanding as a process. Students are said to understand something
to connect the ideas in their minds and abstract for the next step [12]. So understanding is
an organizational process that involves cognitive activities to solve problems. In this study,
the measurement of students' understanding was carried out through test scores in
mathematics. Students who have a value above Minimum Learning Completeness are
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assumed to have understood the material. In contrast, students who have a value below
Minimum Learning Completeness are supposed to have not understood the material.

The development of science in the field of mathematics has a role in helping to analyze
the problems of everyday life. One of these problems is in the field of education. Many
occurrences in the surroundings can be observed and analyzed in the form of a
mathematical model. Mathematical models are models that represent a problem in the real
world into mathematical equations [13]. In this study, we analyzed the dynamics of
students' level of understanding in mathematics based on time through a modeling
approach. In this modeling, the mathematical interpretation of the differential equation
system model in the student population will be known based on the level of mathematical
understanding.

Several studies on interactions in the learning process have been carried out several
times [14]-[16]. In previous research, no one has been able to predict the success of
learning in the future. In contrast to previous studies, students' interaction in the learning
process was studied from the mathematical modeling perspective. This approach is an
alternative method in solving problems in the world of education that have not been widely
researched. Mathematical modeling can solve a problem by simplifying cases in everyday
life into a mathematical problem where the solution can be obtained. The mathematical
model's solution obtained can be used to predict the conditions for the success of the
learning process.

2.  Model Formulation

This study discusses the interaction of students with a mathematical modeling point of
view. This interaction involves students who understand and do not yet understand the subject
matter of mathematics. The interaction process between groups is modeled in a two-
dimensional system of differential equations. Variable A is the percentage of students who
understand the material, and variable B is the percentage of students who do not understand
the material. The compartment model in Fathoni's research [18] is a reference in this study.
The basic model in this research is the predator and prey model and the logistic model.

The relationship between predator and prey is the primary basis of studying ecology.
One of the important components in this relationship is the speed of predators in preying
on their prey. The level of prey per capita of predators or the response function is often
called the basis for the predator-prey theory applied in this study. The group that acts as a
predator is a group of students who understand mathematics (A). Meanwhile, the group
that acts as prey is students who do not understand mathematics (B).

Logistic models are often used to describe the growth rate, including the growth rate
of the prey population [19]. The prey population does not always increase continuously,
but it depends on the population's size if there is a limit to the environment's carrying
capacity. Likewise, the student group does not always experience an increase. The capacity
of existing classrooms limits the student group. The logistic model in Putranto's research
[20] is applied in this study, where the increase in students' group follows the growth of
logistics.
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Figure 1. The compartment dlagram

By the compartment diagram on Figure 1, we construct a mathematical model with
two-dimensional system of the first order ordinary differential equation (ODE). Our model
is formulated as the following, see system (1). The parameters used in the model are
assumed to be positive, with the information in Table 1. Based on the model in equation
(1), a dynamic analysis process is carried out. The discussion of dynamic analysis
conducted by Ningsih [21] regarding the growth in the number of students is a reference in
the discussion of dynamic analysis in this study. The research carried out includes searching
for the equilibrium points, analyzing the equilibrium points' existence, and analyzing the
equilibrium points' stability.

aA A ( 1- 4 ) + uAB —yA

— = —_—

dt K)THETY

dB ﬁB<1 B) 1B — VB )

dt k) H Y

Table 1. Parameter description
Parameter Description Unit

Student group A growth rate. 1/day
Student group B growth rate. 1/day
Carrying capacity of each student group in the class %

Rate of interaction between student group A and student group B 1/% /day

<X T X™®™ K

Student reduction rate 1/day

3. Existence of Equilibrium Points

The system (1) has four equilibrium points consisting of one trivial equilibrium point
and three non-trivial equilibrium points. However, we consider the analysis of the three non-
trivial equilibrium points. The existence of those equilibrium points is presented in Theorem
1.

Theorem 1. The existences of equilibrium points E (4, B) of system (1)
(i) The equilibrium point E; = (0, @) existif f >y

(ii) The equilibrium point E, = (@ 0) existifa >y
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K (—uyK+ uBK—yB+ap) K (uyK— uaK-ya+ap) L
Ba+ u2K? ! Ba+ pu2K? ) exist lf
—uyK + uBK >vypB — aff and uyyK — paK > ya — af

(iii) The equilibrium point E3 = (

4. Stability Analysis

We apply the linearization method to determine the stability of the equilibrium point
of System (1) and we have the Jacobian matrix as the following,

a(l—%)—%+y3—y ua @
J=
I

Based on the Jacobian matrix (2), the eigenvalues can be obtained from the characteristic
equation |J — AI| = 0 evaluated at
each point of equilibrium.

4.1 Equilibrium point E
The Jacobian matrix obtained from the linearization of system (1) near the equilibrium
point E; is
MKy = B)
aQ———"—=Y

2 0

](El): (3)
uK(@y —B) Y=~
=5 )

The characteristic equation formed from matrix (3) is
_(KBu+ Kpy —aB + By + Ay —B—4) _

0

which has the eigenvalues 4, =y — fand 4, = w The stability conditions

for the equilibrium point E; are obtained wheny < g and Kfu — Kuy < —af + By.

4.2 Equilibrium point E,
The Jacobian matrix obtained from the linearization of system (1) near the equilibrium

point E; is ( )
[a(1+‘“+y)_a _pHzar K ]
J(E2) = l 0“ . ”(_“f e J )

The characteristic equation formed from matrix (4) is
(—Kap+ Kpy +af —ay —da)(y —a— 1)
B
which has the eigenvalues 1; = y — e and A, = _KQ“J'K‘;”M_“Y. The stability conditions
for the equilibrium point E, are obtained wheny < e¢ and —Kau + Kuy < —aff + ay.

0

4.3 Equilibrium point E;
Linearization of system (1) near the equilibrium E5 produces the characteristic
equation as the following
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(-B(Ku—B +v — Da?

+((Ku—y + DB + (=K*u* + (v = DA + Kyu(Ku +v — 1))
+K(y(Ku—y+ DB —Kuly =D +D)u) =0
The stability of this equilibrium point was analyzed using the Routh Hurwitz criteria and
the stability requirements were obtained,
—K?u? —ap
K?u? + af
0< —Ba® + (Kyp — % + 2yB)a — KByu
K?u? + af
0 ((Ku— B +vy)a—Kuy)(af + (Kp—y)B — Kuy)
<
K?u? + ap

K?u? + ap

0<

or
—K?u? —ap
K?u? + ap
S —Ba® + (Kyu — %+ 2yB)a — KByu
K?u? + af
S ((Ku—B+vy)a—Kuy)(ap + (Ku—vy)B — Kuy)
K2u? + af

0>

0

0

5.  Numerical Simulations

The simulation in this study uses assumption data from a condition at school.
However, the research subject of real data in a school is still an open problem in this study.
Simulations are carried out based on the assumption of the percentage of the number of
students in each group in one class to the total number of students in one education level.
The percentage of students who understand mathematics subject matter (Group A) was
20%, while students who did not understand mathematics subject matter (Group B) were
15%. These numbers are assumed to be the initial condition after a teacher conducted a
math ability test. Furthermore, through the cooperative learning process, where learning is
carried out that focuses on the interaction between students, it is expected to increase
students who understand the material.

In the first case, a simulation based on the system's differential equation model (1) is
carried out by using the assumed parameter values a = 0.6, =0.7,K = 0.4,u =
0.01,y = 0.2. This case shows a very low interaction process between students,
characterized by a very small interaction rate (u). Assuming such a parameter value, the
only stable equilibrium point is E5. The simulation results are obtained in Figure 2. The
number of students who understood the material increased from 0.20 to 0.269. The same
thing happened to students who did not understand, which increased from 0.15 to 0.284.
The simulation results show that there are still many students who do not understand. It is
certainly not a goal in the success of the learning process.

46



M. lvan Ariful Fathoni, Anisa Fitri, Hanifahtul Husnah
Student Group Dynamic Model Based on Understanding in Mathematics Subjects

Dynamics of changes in the students number
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Figure 2. The dynamic of changes in the student’s number in each group (case 1)

In the second case, the simulation is carried out based on the assumed parameter values
a=06=07K=04u=19,y=0.02. There is a significant increase in the
interaction rate from the first case. In this second case, students' movement out of class is
also increasingly limited by reducing the student reduction rate (y). Assuming such a
parameter value, the only stable equilibrium point is E,. The equilibrium point E; becomes
not exist. The simulation results are obtained in Figure 3. The number of students in group
A increased from 0.2 to 0.387. The opposite happened in group B, which continued to
decrease from 0.15 until no more students did not understand mathematics subject matter.
In the second case, the learning process's objective has been achieved but can still be
improved.

Dynamics of changes in the students number
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Figure 3. The dynamic of changes in the student’s number in each group (case 2)

In the third case, the simulation is carried out based on the assumed parameter values
a=09=04K=04u=19,y =0.02. We increase the student group A growth
rate () and decrease the student group B growth rate (8). The simulation results are
obtained in Figure 4. Under these conditions, the stability of the equilibrium point is the
same as in the second case. However, there was an addition of students who understood
(group A) to 0.391, while group B students continued to decrease to zero. Another
difference is that the time the solution moves to equilibrium is faster than the second case.
In the third case, equilibrium occurs at 16 days. The goal of successful learning happens
more quickly.

47



Jurnal Matematika MANTIK
Vol. 7, No. 1, May 2021, pp. 41-50

Dynamics of changes in the students number

0.45

0.391

04} J/’ i =N S [
035+ /

03} “»‘:
0.25

021

Percentage of Students

016
01p Group A ]
—-—-—Group B
0051 1
& | 0
0 L L L 1 me L . L L
0 2 4 6 8 10 12 14 16 18 20

Time

Figure 4. The dynamic of changes in the student’s number in each group (case 3)

The simulation results are shown in Figures 1, 2, and 3 explain the process of changing the
conditions of students' level of understanding in real-time. Based on this model, predictions can be
made when learning success can be achieved, so that teachers can apply appropriate learning
methods before starting the learning process. The implication of this study's results can help teachers
make teaching more effective and directed under learning outcomes.

6. Concluding Remarks

Mathematical modeling can solve a problem by simplifying cases in everyday life into
a mathematical problem where the solution can be obtained. This study departs from the
background above issues, namely, students' interaction in the mathematics class. This
interaction involves two groups of students who understand and do not understand the
subject matter of mathematics. The two groups will interact with each other, creating a
positive atmosphere in the learning process. The interaction process between groups is
modeled in a system of differential equations. The solution of the system of differential
equations is expected to reflect the teaching and learning process's success.

The results of the dynamical analysis obtained are strengthened by numerical
simulation evidence that supports the analysis. In numerical simulations, it can be
concluded that by doing learning that focuses on the interaction between students and limits
students’ movement out of the classroom, the learning process can run successfully. All
students in the class will understand the learning material. Better results are obtained if the
teacher adds more students who understand and reduces the more students who do not
understand each group. To increase and decrease can be done by moving students from or
to another class. Approaching and teaching specifically for some students who do not
understand can also be done not to be included in the observation group. It will help
accelerate the success of the learning process. The findings in this study can be used as a
new research field in the world of education.
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